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Abstract. A generalisation of the Lattice Potential Kadomtsev-Petviashvili (LPKP)
equation is presented, using the method of Direct Linearisation based on an elliptic
Cauchy kernel. This yields a 3 + 1-dimensional lattice system with one of the lattice
shifts singled out. The integrability of the lattice system is considered, presenting a Lax
representation and soliton solutions. An associated continuous system is also derived,
yielding a 3 + 1-dimensional generalisation of the potential KP equation associated
with an elliptic curve.
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1. Introduction
To our knowledge, there exist only four truly elliptic integrable lattice systems, in the
sense that they are naturally associated with an elliptic curve. These are:
• The lattice Landau-Lifshitz equations, resulting from a discretisation of the
Sklyanin Lax pair[1].
• Adler’s lattice Krichever-Novikov system, resulting from the permutability
condition of the Ba¨cklund transformations of the Krichever-Novikov equation[2].
• Adler and Yamilov’s system, arising from the consideration of Darboux chains.[3]
• The elliptic KdV system, resulting from a discrete linearisation scheme with an
elliptic Cauchy kernel.[4]
Apart from these, there is also a 5-point scalar equation arising from the permutability
of the Ba¨cklund transformations for the Landau-Lifshitz equation[5], although it is not
clear as to whether this constitutes a true discretisation of the Landau-Lifshitz equation
by itself.
We present an elliptic extension of the Lattice Potential Kadomtsev-Petviashvili
(LPKP) equation[6]. This is the first such elliptic lattice system to reside in higher
dimensions. The system is naturally a 3 + 1 dimensional system, as opposed to the
2 + 1 that may be expected. We also present the system’s continuous analogue, i.e. an
elliptic extension of the continuous (potential) KP equation. The only example of such
a KP type system in the continuous setting was given by Date, Jimbo and Miwa[7].
There are, of course, various elliptic integrable systems of continuous type (including
the original Krichever-Novikov equation, Landau-Lifshitz equation and various others)
in 1 + 1-dimensions, but we will not go into these in the present note.
The elliptic lattice KP system, which we will refer to as Ell-dKP, is derived through
a direct linearisation scheme following a similar method used in [4] , which is employing
an infinite matrix structure based on an elliptic Cauchy kernel.This scheme proves to
be a powerful tool with the ability to provide, amongst others, a Lax representation,
Ba¨cklund and Miura transformations and hierarchies of commuting flows. It relies upon
two key objects:
• Linear dynamics (either discrete or continuous) residing in the plane wave factors,
ρ(k).
• A Cauchy kernel, Ω(k, k′), through which the connection with the non-linear objects
arises.
The resulting integrable lattice system is a set of simultaneous equations involving
several components, which can be presented in various ways. One way of expressing
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this integrable lattice system is as the following system of discrete equations:
(p− u˜)
(
q − r + ˜˙u− ˜̂u)+ (q − û)(r − p+ ̂˜u− ̂˙u)+ (r − u˙)(p− q + ˙̂u− ˙˜u)
= g
(˜̂s′ (s˜− ŝ) + ̂˙s′ (ŝ− s˙) + ˙˜s′ (s˙− s˜)) , (1.1a)
(p+ u˙) ˙˜s− (q + u˙) ̂˙s+ ̂˙w − ˜˙w
s˙
+
(q + u˜) ̂˜s− (r + u˜) ˜˙s+ ˜˙w − ˜̂w
s˜
+
(r + û) ˙̂s− (p+ û) ̂˜s+ ̂˜w − ̂˙w
ŝ
= 0, (1.1b)(
p− ˙˜u
)
s˙′ −
(
r − ˙˜u
)
s˜′ + w˙′ − w˜′
˙˜s
′ +
(
r − ̂˙u) ŝ′ − (q − ̂˙u) s˙′ + ŵ′ − w˙′̂˙s′
+
(
q − ˜̂u) s˜′ − (p− ̂˜u) ŝ′ + w˜′ − ŵ′̂˜s′ = 0, (1.1c)(
p+ u−
w˜
s˜
)(
p− u˜+
w
s
)
= p2 +
(
U˜ 1,0 − U˜0,1
)
− (U1,0 − U0,1) +
w˜
s˜
(u˜− u˜)−
(
1
s˜s′
+ 3e+ gs˜′s
)
, (1.1d)(
q + u−
ŵ
ŝ
)(
q − û+
w
s
)
= q2 +
(
Û 1,0 − Û0,1
)
− (U1,0 − U0,1) +
ŵ
s˜
(û− û)−
(
1
ŝs′
+ 3e+ gŝ′s
)
, (1.1e)(
r + u−
w˙
s˙
)(
r − u˙+
w
s
)
= r2 +
(
U˙ 1,0 − U˙0,1
)
− (U1,0 − U0,1) +
w˙
s˙
(u˙− u˙)−
(
1
s˙s′
+ 3e+ gs˙′s
)
, (1.1f)
s′w = w′s, (1.1g)
with e and g are fixed parameters, effectively the moduli of an elliptic curve
Γ : y2 = 1/x+ 3e+ gx. (1.2)
In terms of notation to describe the lattice system, for simplicity we let u = u(n,m, l, N)
denote the dependent variable for lattice points labeled by the quadruplet (n,m, l, N) ∈
Z4. The variables p, q and r are the continuous lattice parameters, associated with
the grid size in the lattice directions, given by the independent variables n, m and l,
respectively. The fourth variable N is singled out in that it has no associated lattice
parameter, effectively resulting in a (1.1) being a 3 + 1-dimensional system. For shifts
in these lattice directions, we use the notation
u˜ = u(n+ 1, m, l, N), û = u(n,m+ 1, l, N), , u˙ = u(n,m, l + 1, N), (1.3)
together with
u = u(n,m, l, N + 1), (1.4)
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and therefore, the combined shifts mean the following
̂˜u = u(n+ 1, m+ 1, l, N), ˙˜u = u(n+ 1, m, l + 1, N),
˙̂u = u(n,m+ 1, l + 1, N), û = u(n,m+ 1, l, N + 1),
u˜ = u(n+ 1, m, l, N + 1), u˙ = u(n,m, l + 1, N + 1),̂˙˜
u = u(n+ 1, m+ 1, l + 1, N), ̂˙u = u(n,m+ 1, l + 1, N + 1),̂˜u = u(n+ 1, m+ 1, l, N + 1), ˙˜u = u(n+ 1, m, l + 1, N + 1),̂˙˜
u = u(n+ 1, m+ 1, l + 1, N + 1),
(1.5)
completing the notation for the vertices of an elementary lattice octachoron.
Integrability of the system is understood in terms of the existence of a Lax
representation and soliton solutions, both of which we derive later.
Equations (1.1) is a system of seven interconnected equations for dependent
variables u, s, s′, w, w′, U0,1 and U1,0, but the latter two are understood to be eliminated
by pairwise combinations of (1.1d, 1.1e, 1.1f). (We prefer to leave U0,1 and U1,0 in the
system to make manifest the dependence on the modulus e, although we do include this
other presentation later (3.4)). This system is a natural higher-dimensional extension
of the lattice potential KP equation [8], which can be recovered by setting g = 0 in
equation (1.1a), in which case the elliptic curve degenerates into a rational curve. On the
other hand, the elliptic KdV equation [4] may also be recovered through a dimensional
reduction.
An analogous continuous system, associated with the same elliptic curve (1.2), is
given by(
ut −
1
4
uxxx −
3
2
(ux)
2 +
3
2
gsxs
′
x
)
x
=
3
4
uyy +
3
2
g
(
s′xsy − s
′
ysx
)
, (1.6a)
(ss′)t =
1
4
(sxxxs
′ + s′xxxs) +
3
2
ux (ss
′)x − 3usxs
′
x +
3
4
(
s′sy − ss
′
y − sxs
′
x
)
x
+
3
2
(
us′sy − uss
′
y + w
′
ys− wys
′
)
+
3
2
(wxs
′
x + w
′
xsx) , (1.6b)
(ss′)y = 2sw
′
x − 2s
′wx + 2u (sxs
′ − s′xs) + sxxs
′ − s′xxs, (1.6c)(
u+
w
s
)
x
+
(
u−
w
s
)2
+
w
s
(u− u) =
(
1
s′s
+ 3e+ gss′
)
+ U1,0 − U1,0, (1.6d)(
u+
w′
s′
)
x
+
(
u−
w′
s′
)2
+
w′
s′
(u− u) =
(
1
s′s
+ 3e+ gss′
)
+ U0,1 − U0,1, (1.6e)
s′w = w′s, (1.6f)
which, in fact, can be obtained from a continuum limit of the lattice system. Note that
this system is dependent on 3 continuous variables and one discrete variable. Here again,
the elimination of the variables U1,0 and U0,1 disguises the dependence on the elliptic
modulus e. This may be achieved by differentiating both equations (1.6d) and (1.6e)
with respect to x, and substituting in equations (7.6i) and (7.6j), respectively. Again
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the degeneration of the elliptic curve results in potential KP equation(1.6a), whilst the
elliptic potential KdV equation [17]is recovered through a dimensional reduction.
In this paper, we will provide a derivation of both the continuous as well as the
lattice elliptic KP systems, and establish some of their properties.
2. Elliptic Matrix Structure
The starting point for the elliptic analogue to the lattice potential KP equation is the
algebra of centred infinite elliptic matrices, A. This is an associative algebra, with
identity 1, which is quasigraded, with grading given by two types of raising operator, Λ
of order one, and L of order two, such that
Λ2 = L+ 3e1 + gL−1, LΛ = ΛL, (2.1)
where e, g ∈ C are the moduli of the elliptic curve given by this relation[4]. We point
out that, unlike ordinary matrices, these elliptic matrices cannot be written as simple
arrays of entries in the conventional way, but are built from the action of two index
raising operators Λ and L and their conjugates and projector O. The projector O is the
projection matrix on the central entry, with (O ·A)i,j = δi,0A0,j and (A ·O)i,j = δ0,jAi,0
for anyA ∈ A. We adopt the following convention of labelling the entries of these elliptic
matrices, A ∈ A, with A = (Ai,j) for i, j ∈ Z, and central entry A0,0 as follows:
A2i,2j =
(
LiAtLj
)
0,0
, (2.2a)
A2i+1,2j =
(
LiΛAtLj
)
0,0
, (2.2b)
A2i,2j+1 =
(
LiAtΛtLj
)
0,0
, (2.2c)
A2i+1,2j+1 =
(
LiΛAtΛtLj
)
0,0
. (2.2d)
To make these elliptic matrices more explicit, we consider their action on infinite
component vectors of the form
cκ = (κ
ν)ν∈Z , (2.3)
i.e. infinite column vectors in a basis of monomials in a variables κ, which can be viewed
as uniformising vectors for the curve Γ, (1.2). The corresponding row vector is given by
its transpose, tcκ′. The crucial property of these vectors is that they are eigenvectors
under the actions of Λ, and tΛ,
Λcκ = κcκ
tcκ′
tΛ = κ′cκ′, (2.4)
and the actions L, and tL,
Lcκ = Kcκ,
tcκ′
tL = Lcκ′, (2.5)
respectively. The eigenvalues form pairs (k,K) and (k′, K ′), which are points on the
elliptic curve Γ, (1.2)
k2 = K + 3e+
g
K
, k′2 = K ′ + 3e+
g
K ′
, (2.6)
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whereby
k =
1
2
℘′ (κ)
℘ (κ)− e
, K = ℘ (κ)− e, (2.7a)
k′ =
1
2
℘′ (κ′)
℘ (κ′)− e
, K ′ = ℘ (κ′)− e, (2.7b)
e = ℘(κ). (2.7c)
For the sake of the construction of the integrable system, we introduce
Ω↔ Ω (k, k′) =
k − k′
K −K ′
=
1− g/ (KK ′)
k + k′
, (2.8)
The Cauchy Kernel for the system, Ω ∈ A, then obeys
ΩΛ+ tΛΩ = O − gtL−1OL−1 =: Ô, (2.9a)
ΩL− tLΩ = OΛ− tΛO, (2.9b)
ΩΛj −
(
−tΛ
)j
Ω =
j−1∑
i=0
(
−tΛ
)i
ÔΛj−1−i =: Ôj, (2.9c)
ÔjΛ
i +
(
−tΛ
)j
Ôi = Ôi+j , (2.9d)
The dynamics of the system are encoded by C ∈ A, given by the formal integral
C =
∫∫
D
dµ (λ, λ′) ρλcλ
tcλ′σλ′ , (2.10)
over an arbitrary surface, D, on the space of variables λ, λ′. ρκ and σ
′
κ, the plane wave
factors, are discrete exponential functions, given by
ρκ(n,N) = (p+ k)
n(−K)Nρκ(0, 0), (2.11a)
σκ′(n,N) = (p− k
′)−n(−K ′)−Nσκ′(0, 0), (2.11b)
respectively. The factors ck and
tck′ are the infinite component vectors defined earlier.
The integration measure, dµ (λ, λ′), is in principle arbitrary, but we assume that basic
operations, such as differentiation, and shifts, with respect to the parameters, commute
with the integrations. Lattice shifts of these plane wave factors result in
C˜
(
p− tΛ
)
= (p+Λ)C, (2.12a)
Ĉ
(
q − tΛ
)
= (q +Λ)C, (2.12b)
C˙
(
r − tΛ
)
= (r +Λ)C, (2.12c)
−CtL = −LC. (2.12d)
The main object from which the non-linear equations are obtained is the infinite matrix,
U ∈ A, defined
U ≡ C (1+ΩC)−1 ≡ (1−UΩ)C, (2.13)
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with components Ui,j, together with infinite component vectors, uk, defined through the
equations,
uk + ρkUΩck = ρkck, (2.14a)
tuk′ +
tck′Ω
tUσk′ =
tckσk′. (2.14b)
For this infinite matrix U , discrete Riccati type shift relations follow from those for C,
(2.12), giving
U˜
(
p− tΛ
)
= (p+Λ)U − U˜
(
O − gtL−1OL−1
)
U , (2.15a)
Û
(
q − tΛ
)
= (q +Λ)U − Û
(
O − gtL−1OL−1
)
U , (2.15b)
U˙
(
r − tΛ
)
= (r +Λ)U − U˙
(
O − gtL−1OL−1
)
U , (2.15c)
−U tL = LU +U
(
OΛ− tΛO
)
U , (2.15d)
respectively. We also have
U tL−1 = L−1U +U tL−1
(
OΛ− tΛO
)
L−1U , (2.16)
which holds if and only if (2.15d) also does. Using these shift relations we are now able
to derive a system of relations in terms of U ’s matrix entries.
3. Elliptic Lattice Structure
Having obtained the basic relations in the previous section (2.16,2.15) in terms of the
elliptic matrix U , closed-form equations can now be derived in terms of a well-chosen
set of entries. To do this we single out the following entries:
u = U0,0, s = U−2,0, s
′ = U0,−2,
h = U−2,−2, v = 1− U−1,0, v
′ = 1− U0,−1,
w = 1 + U−2,1, w
′ = 1 + U1,−2,
(3.1)
Starting with (2.16), which involve only the · shifts, we can derive the following set of
relations:
U1,−1 =
1− vw′
s
, (3.2a)
U−1,1 =
1− vw′
s′
, (3.2b)
U−4,0 = sU−2,−1 + vh, (3.2c)
U0,−4 = s
′U−1,−2 + v
′h, (3.2d)
U−2,2 = uw − sU1,0, (3.2e)
U2,−2 = uw
′ − s′U 0,1, (3.2f)
s
s′
=
v
v′
=
w
w′
=
U−1,1
U1,−1
. (3.2g)
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For the other lattice shift directions, we take as a starting point equation (2.15a), from
which the following equations are derived:
p (u˜− u) + u˜u = U˜0,1 + U1,0 + gs˜
′s, (3.3a)
p− gh =
(p− u˜) s′ + w′ − v˜′
s˜′
, (3.3b)
p + gh˜ =
(p+ u) s˜+ v − w˜
s
, (3.3c)
U−1,−2 + U˜−2,−1 = p
(
h˜− h
)
− gh˜h + s˜s′, (3.3d)
p (v − v˜) = uv˜ + U˜−1,1 + gs
(
U˜−1,−2 + U−2,−1
)
+ 3es+ gvh, (3.3e)
p (v′ − v˜′) = u˜v′ + U1,−1 + gs˜
′
(
U−2,−1 + U˜−1,−2
)
+ 3es˜′ + gv˜′h˜, (3.3f)
p (w˜ − w) = u˜w˜ − s˜
(
U˜ 1,0 + U0,1
)
+ U−1,1 + 3es˜+ gh˜w, (3.3g)
p (w˜′ − w′) = uw′ − s′
(
U˜1,0 + U 0,1
)
+ U˜1,−1 + 3es
′ + ghw˜′. (3.3h)
These involve only the ·˜ shifts, but similar relations are obtained in an obvious way by
replacing p wiith q and r, and the ·˜ shifts with ·̂ and ·˙ shifts, respectively. By combining
the various relations, and eliminating the variables h, v, v′, U−1,−2 and U−2,−1, the
closed-form system of partial difference equations given earlier (1.1) can be found. For
example, by eliminating v and h from (3.3c) and its corresponding equations in the
other shift directions, we obtain (1.1b). As referred to earlier, this representation of
the system was chosen, despite containing the extra variables U0,1 and U1,0, as it clearly
demonstrates the dependence on the elliptic moduli. If we now eliminate these extra
variables, equations (1.1d,1.1e and 1.1f) may be replaced in the system by the following
three equations:(
p+ u−
w˜
s˜
)(
p− u˜−
w
s
)
−
(
q + u−
ŵ
ŝ
)(
q − û−
w
s
)
=
1
ŝs′
−
1
s˜s′
+ g˜̂s′ (ŝ− s˜) + (p+ q + u− ̂˜u) (p− q + û− u˜) , (3.4a)(
q + u−
ŵ
ŝ
)(
q − û−
w
s
)
−
(
r + u−
w˙
s˙
)(
r − u˙−
w
s
)
=
1
s˙s′
−
1
ŝs′
+ ĝ˙s′ (s˙− ŝ) + (q + r + u− ˙̂u) (q − r + u˙− û) , (3.4b)(
r + u−
w˙
s˙
)(
r − u˙−
w
s
)
−
(
p+ u−
w˜
s˜
)(
q − u˜−
w
s
)
=
1
s˜s′
−
1
s˙s′
+ g ˙˜s
′
(s˜− s˙) +
(
r + p+ u− ˜̂u) (r − p+ u˜− u˙) . (3.4c)
This results in a closed-form elliptic lattice system that can be expressed only in terms
of the variables u, s, s′ and w. A dual system, similar to (1.1), in terms of the variables
h, v, s and s′ can also be derived, shadowing the system.
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4. Discrete Lax Representation
To obtain a Lax Representation, we require the infinite component vectors, uk,
introduced in (2.14a), which can be rewritten as
uk ≡ (1−UΩ) ρkck. (4.1)
For these vectors the following set of shift relations can be derived:
u˜k = (p+Λ)uk − U˜
(
O − gtL−1OL−1
)
uk, (4.2a)
ûk = (q +Λ)uk − Û
(
O − gtL−1OL−1
)
uk, (4.2b)
u˙k = (r +Λ)uk − U˙
(
O − gtL−1OL−1
)
uk, (4.2c)
uk = −Luk +U
(
OΛ− tΛO
)
uk, (4.2d)
uk = −L
−1uk +U
tL−1
(
OΛ− tΛO
)
L−1uk. (4.2e)
Setting (uk)i = ϕi, and introducing the 2-component vector ϕ = (ϕ1, ϕ2)
T , we can
derive the following Lax triplet:
ϕ˜ = A0ϕ+ A1ϕ+ Jϕ, (4.3a)
ϕ̂ = B0ϕ+B1ϕ+ Jϕ, (4.3b)
ϕ˙ = C0ϕ+ C1ϕ+ Jϕ, (4.3c)
where
A0 =
(
p− u˜ 1
3e− U 0,1 − U˜1,0 p+ u
)
, (4.4a)
A1 = g
(
−s˜′w s˜′s
−w˜′w w˜′s
)
, (4.4b)
J =
(
0 0
−1 0
)
, (4.4c)
with Bi and Ci, i = 0, 1, equivalent to Ai, but with p and ·˜ shifts, replaced by q and
r and ·̂ and ·˙ shifts, respectively. The system (4.3) is subject to a number of pairwise
compatibility relations, for example, between the ·˜ and ·̂ directions resulting in the
condition(
Â0J + JB0 − B˜0J − JA0
)
ϕ+
(
Â0B0 + Â1J + JB1 − B˜0A0 − B˜1J − JA1
)
ϕ
+
(
Â0B1 + Â1B0 − B˜0A1 − B˜1A0
)
ϕ+
(
Â1B1 − B˜1A1
)
ϕ = 0.
(4.5)
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This compatibility condition results in the following system of eight equations:
p
(̂˜u− û)− q (̂˜u− u˜)+ U˜1,0 − Û1,0 + ĝ˜s′ (s˜− ŝ) + ̂˜u (û− u˜) = 0, (4.6a)
(q − û)
(
3e− Û 0,1 −
̂˜
U 1,0
)
+
(
p+ û
)(
3e− U 0,1 − Û1,0
)
− (p− u˜)
(
3e− U˜ 0,1 −
˜̂
U1,0
)
−
(
q + u˜
)(
3e− U 0,1 − U˜1,0
)
= g
(̂˜w′ (ŝ− s˜) + w (s˜′ − ŝ′)) , (4.6b)
p (u− u˜)− q (u− û) + U˜0,1 − Û0,1 + gs (s˜
′ − ŝ′) + u (û− u˜) = 0, (4.6c)
g
(
ŝ′w
(
p− ̂˜u)+ ŵ′w + ̂˜s′ŵ (q − û)− ̂˜s′ŝ(3e− U0,1 − Û1,0)
−s˜′w
(
q − ̂˜u)− w˜′w − ̂˜s′ŵ (p− u˜) + ̂˜s′ŝ(3e− U0,1 − U˜ 1,0)) = 0, (4.6d)
g
(
ŝ′s
(
p− ˜̂u)+ ŵ′s− ̂˜s′ŵ + ̂˜s′ŝ (q + u)
−s˜′s
(
q − ˜̂u)− w˜′s+ ̂˜s′w˜ − ̂˜s′s˜ (p+ u)) = 0, (4.6e)
g
(
−ŝ′w
(
3e− Û 0,1 −
̂˜
U0,1
)
− ŵ′w
(
(p+ û
)
+ ŝ ̂˜w′ (3e− U0,1 − Û 0,1)
− ˜̂w′ŵ ((q − û) + s˜′w(3e− U˜0,1 − ̂˜U 0,1)+ w˜′w ((q + u˜)
−s˜ ̂˜w′ (3e− U0,1 − U˜0,1)+ ˜̂w′w˜ ((p− u˜)) = 0, (4.6f)
g
(
ŝ′s
(
3e− Û 0,1 −
̂˜
U 0,1
)
+ ŵ′s
(
p+ û
)
− ̂˜w′ŵ + ̂˜w′ŝ (q + u)
−s˜′s
(
3e− U˜ 0,1 −
˜̂
U 0,1
)
− w˜′s
(
q + u˜
)
+ ̂˜w′w˜ − ̂˜w′s˜ (p+ u)) = 0, (4.6g)
s′w = w′s. (4.6h)
Similar compatibility conditions also exist between the ·˜ and ·˙ shifts, and the ·̂ and ·˙
shifts. The system (1.1) then follows from these compatibility conditions.
5. Dimensional Reduction and Degeneration
Both the lattice, and continuous, Potential KP equation and the Elliptic KdV equations
may be recovered under particular limits of the systems (1.1), and (1.6), respectively.
5.1. Degeneration of the Elliptic Curve
Taking the limit g → 0 causes the elliptic curve to degenerate, and from (1.1a) we
recover the lattice potential KP equation[8],
(p− u˜)
(
q − r + ˜˙u− ˜̂u)+(q − û)(r − p+ ̂˜u− ̂˙u)+(r − u˙)(p− q + ˙̂u− ˙˜u) = 0, (5.1)
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which first appeared in [6]. In contrast to the bilinear lattice KP of [9], this has a
continuum limit to the actual potential KP equation.
In the continuous case, taking the limit g = 0 in equation (1.6a), we recover the
potential KP equation, (
ut −
1
4
uxxx −
3
2
(ux)
2
)
x
=
3
4
uyy. (5.2)
5.2. Dimensional Reduction
Both the elliptic lattice and continuous KdV systems, given in [4] require that the
matrices C, and hence U are symmetric under transposition,
tC = C ⇒ tU = U , (5.3)
i.e. Ui,j = Uj,i. This restriction ensures that the primed, and bar shifted, variables
become equal to their unprimed, and unbarred, equivalents, respectively,
s′ → s, v′ → v w′ → w,
u→ u, s→ s w → w,
(5.4)
and results in a dimensional reduction, from which the elliptic lattice KdV system is
recovered from (1.1), and the elliptic continuous KdV system is recovered from (1.6).
6. Soliton Type Solutions
As a concrete application of the infinite matrix scheme used to derive the lattice system,
it is relatively straightforward to construct soliton type solutions. Introducing the N
by N ′ matrix M , defined by
M = Ω(ki, k
′
j)r
ts, (6.1)
with entries
Mij =
1− g/KiK
′
j
ki + k′j
ρiσj , (i = 1, . . . ,N ; j = 1, . . . ,N
′), (6.2)
where the parameters of the solutions (ki, Ki) and (k
′
j, K
′
j) are points on the elliptic
curve Γ, (1.2), and the vectors r, ts are given by
r =
 ρ1...
ρN
 , (6.3a)
ts =
(
σ1, · · · σN ′
)
. (6.3b)
In order to obtain the soliton type solutions we take the infinite matrix C to be a finite
rank, N ′ by N matrix. We also define diagonal matrices
k = diag(k1, k2, . . . , kN ), K = diag(K1, K2, . . . , KN ), (6.4a)
k′ = diag(k′1, k
′
2, . . . , k
′
N ′), K
′ = diag(K ′1, K
′
2, . . . , K
′
N ′). (6.4b)
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This leads to the following explicit solutions:
u = ts(1+CM)−1Cr, (6.5a)
s = tsK ′−1(1+CM)−1Cr, (6.5b)
s′ = ts(1+CM)−1CK−1r, (6.5c)
h = tsK ′−1(1+CM)−1CK−1r, (6.5d)
v = 1− tsK ′−1k′(1+CM)−1Cr, (6.5e)
v′ = 1− ts(1+CM )−1CkK−1r, (6.5f)
w = 1 + tsK ′−1(1+CM )−1Ckr, (6.5g)
w′ = 1 + tsk′(1+CM)−1CK−1r. (6.5h)
Note, that although the dynamics do not explicitly involve the elliptic curve, the soliton
solutions are essentially dependent on the variables on the curve.
7. Associated Continuous Systems
Here we concentrate on the derivation of the analogous continuous system to the elliptic
discrete lattice KP system (1.1a). Many discrete integrable lattice systems possess
such compatible continuous systems, with these forming continuous symmetries for the
lattice systems, whilst in turn these lattice systems constitute discrete symmetries for
the corresponding continuous flows. We provide some of the simplest of these continuous
flows for purpose of identification with the associated lattice system.
For the continuous case the plane wave factors are taken to be continuous
exponential functions, given by
ρ(k) = exp
(∑
j∈Z
kjxj
)
, (7.1a)
σ(k′) = exp
(
−
∑
j∈Z
(−k′)
j
xj
)
, (7.1b)
yielding
∂U
∂xi
= ΛiU −U
(
− tΛ
)i
+UOiU , (7.2)
where Oi was given in (2.9c). From (7.2), we can then derive and hence,
∂
∂xi+j
U =
(
Λj −UÔj
)( ∂
∂xi
U
)
+
(
∂
∂xj
U
)((
− tΛ
)i
+ ÔiU
)
. (7.3)
Denoting x = x1, y = x2 and t = x3, it follows that the basic relations for the
corresponding flows are
Ux = ΛU +U
tΛ−UÔ1U , (7.4a)
U y =
(
ΛU −U tΛ
)
x
+U xÔ1U −UÔ1Ux, (7.4b)(
U t −
1
4
Uxxx −
3
2
UxÔ1Ux
)
x
=
3
4
U yy +
3
2
(
U yÔ1Ux −UxÔ1U y
)
, (7.4c)
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together with (2.16) and (2.15d), from which we derive for the x-derivatives
ux = U1,0 + U0,1 − u
2 + gss′, (7.5a)
− (u− gh) =
sx + v − w
s
=
s′x + v
′ − w′
s′
, (7.5b)
hx = U−1,−2 + U−2,−1 − ss
′ + gh2, (7.5c)
− vx = v (u+ gh) + U−1,1 + gs
(
U−1,−2 + U−2,−1
)
+ 3es, (7.5d)
− v′x = v
′
(
u+ gh
)
+ U1,−1 + gs
′
(
U−1,−2 + U−2,−1
)
+ 3es′, (7.5e)
wx = w (u+ gh) + U−1,1 − s
(
U0,1 + U1,0
)
+ 3es, (7.5f)
w′x = w
′ (u+ gh) + U1,−1 − s
′
(
U0,1 + U1,0
)
+ 3es′. (7.5g)
As for the y-derivatives, we have
uy = (U1,0 − U0,1)x + g (s
′sx − ss
′
x) , (7.6a)
hy = (U−1,−2 − U−2,−1)x + g (ss
′
x − s
′sx) , (7.6b)
sy = − (v + w)x + sx (u+ gh)− s (u+ gh)x , (7.6c)
s′y = (v
′ + w′)x + s
′ (u+ gh)x − s
′
x (u+ gh) , (7.6d)
vy = (U−1,1)x − (vux + uvx) + g
(
s (U−1,−2)x − U−1,−2sx
)
, (7.6e)
v′y = − (U1,−1)x + (uv
′
x + v
′ux) + g
(
(U−2,−1) s
′
x − s
′ (U−2,−1)x
)
, (7.6f)
wy = (U−1,1 − U−2,2)x +
(
U0,1sx − s (U0,1)x
)
+ g (hwx − hx (w − 1)) , (7.6g)
w′y = (U2,−2 − U1,−1)x +
(
U0,1s
′
x − s
′ (U0,1)x
)
+ g ((w′ − 1)hx − hw
′
x) , (7.6h)
uy + uxx = 2 (U1,0)x − 2uux + 2gs
′hx, (7.6i)
uy − uxx = −2 (U0,1)x + 2uux − 2gshx. (7.6j)
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Whilst, for the t-derivatives,(
ut −
1
4
uxxx −
3
2
(ux)
2 +
3
2
gsxs
′
x
)
x
=
3
4
uyy +
3
2
g
(
s′xsy − s
′
ysx
)
, (7.7a)(
ht −
1
4
hxxx −
3
2
sxs
′
x +
3
2
g (hx)
2
)
x
=
3
4
hyy +
3
2
(
s′xsy − s
′
ysx
)
, (7.7b)(
st −
1
4
sxxx −
3
2
sxux +
3
2
ghxsx
)
x
=
3
4
syy +
3
2
(
sy (u+ gh)x − sx (u+ gh)y
)
, (7.7c)(
s′t −
1
4
s′xxx −
3
2
s′xux +
3
2
ghxs
′
x
)
x
=
3
4
s′yy +
3
2
(
s′x (u+ gh)y − s
′
y (u+ gh)x
)
, (7.7d)(
vt −
1
4
vxxx −
3
2
vxux +
3
2
g (U−1,−2)x sx
)
x
=
3
4
vyy +
3
2
(vyux − vxuy) +
3
2
g
(
(U−1,−2)x sy − (U−1,−2)y sx
)
, (7.7e)(
v′t −
1
4
v′xxx −
3
2
v′xux −
3
2
g (U−2,−1)x s
′
x
)
x
=
3
4
v′yy +
3
2
(
uyv
′
x − uxv
′
y
)
+
3
2
g
(
(U−2,−1)y sx − (U−2,−1)x sy
)
, (7.7f)(
wt −
1
4
wxxx −
3
2
sx (U0,1)x +
3
2
ghxwx
)
x
=
3
4
wyy ++
3
2
(
sy (U0,1)x − sx (U0,1)y
)
+
3
2
g (hxwy − hywx) , (7.7g)(
w′t −
1
4
w′xxx −
3
2
s′x (U1,0)x +
3
2
ghxw
′
x
)
x
=
3
4
w′yy ++
3
2
(
s′x (U1,0)y − sy (U1,0)x
)
+
3
2
g
(
hyw
′
x − hxw
′
y
)
. (7.7h)
The closed system, (1.6),in terms of the u, s, s′ and w results by eliminating all other
variables, except U0,1 and U1,0 which can be eliminated by differentiating both equations
(1.6d) and (1.6e) with respect to x, and substituting in equations (7.6i) and (7.6j),
respectively.
8. Continuous Lax Representation
This system is integrable by construction, and in fact admits soliton solutions of the
same form as in section 6, but with ρ and σreplaced by their continuous analogues. The
integrability can be made more apparent by the fact that it admits a Lax triplet, given
by
ϕy = ϕxx + Aϕ+Bϕ, (8.1a)
ϕx = Jϕ+ Cϕ+Dϕ, (8.1b)
ϕt = ϕxy + Eϕ+ Fϕx +Gϕ, (8.1c)
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with ϕ as in section 4, and where
J =
(
0 0
1 0
)
(8.2a)
A =
(
2ux 0
2 (U1,0)x 0
)
, (8.2b)
B =
(
−2gs′xw 2gs
′
xs
−2gw′xw 2gw
′
xs
)
, (8.2c)
C =
(
−u 1
3e− U1,0 − U0,1 u
)
, (8.2d)
D =
(
gws′ −gss′
gww′ −gsw′
)
, (8.2e)
E =
 uy − (U0,1)x − u(s′y+v′x)s′ ux + s′y+v′xs′
(U1,0)y − (U1,1)x −
u((U1,−1)x−w′y)
s′
(U1,0)x +
v′
y
−(U1,−1)x
s′
 , (8.2f)
F =
(
−s′
y
−v′
x
s′
0
(U1,−1)x−w
′
y
s′
0
)
, (8.2g)
G =
(
−gs′xU1,−1 −gs
′
xv
−gw′xU−1,1 −gw
′
xv
)
. (8.2h)
Again, all of the other variables, except u, s, s′ and w and their derivatives must be
eliminated, and the system (1.6) follows from the compatibility between ϕy and ϕt,
with all x-derivatives replaced by · shifts using (8.1b).
9. Conclusion
We have derived from a direct linearisation scheme a 3 + 1 dimensional lattice system,
naturally associated with an elliptic curve, as an extension of the lattice potential KP
equation. We have also shown this system to be integrable through the existence
of a Lax representation and soliton solutions. To our knowledge, this is the first
lattice system associated with an elliptic curve in higher dimensions proposed. An
analogous continuous system with three continuous variables and one discrete variable
was also derived. This continuous system is reminiscent to, but different from, an elliptic
generalisation of the KP equation given in [7]. Our understanding is that the difference
is in the choice of Cauchy kernel. Whereas our system has a Cauchy kernel related to
the elliptic KdV system, we believe that [7] has a Cauchy kernel related to the Landau-
Lifshitz equation. We intend to investigate the correspondence between the two cases
in future.
On an elliptic extension of the Kadomtsev-Petviashvili equation 16
Acknowledgments
Paul Jennings is supported by the UK Engineering and Physical Sciences Research
Council (EPSRC).
References
[1] F.W. Nijhoff & V. Papageorgiou. Lattice Equations associated with the Landau-Lifschitz Equations.
Physics Letters A, 141:269–274, 1989.
[2] V.E. Adler. Ba¨cklund transformation for the Krichever-Novikov equation. International
Mathematics Research Notices, 1:1–4, 1998.
[3] V.E. Adler & R.I. Yamilov. Explicit auto-transformations of integrable chains. Journal of Physics
A, 27:477–492, 1994.
[4] F.W. Nijhoff & S. Puttock. On a two-parameter extension of the lattice KdV system associated
with an elliptic curve. Journal of Nonlinear Mathematical Physics, 10:107–123, 2003.
[5] V.E. Adler. Discretizations of the Landau-Lifshits equation. Theoretical and Mathematical Physics,
124:897–908, 2000.
[6] G.L. Wiersma & G.R.W. Quispel F.W. Nijhoff, H.W. Capel. Ba¨cklund Transformations and Three-
Dimensional Lattice Equations. Physics Letters A, 105:267–272, 1984.
[7] E. Date & M. Jimbo &T. Miwa. Method for Generating Discrete Soliton Equations V. Journal of
the Physical Society of Japan, 52:766–771, 1983.
[8] W. Feng & S. Zhao. Generalized Cauchy matrix approach for lattice KP-type equations. Commun.
Nonlinear. Sci. Numer. Simulat., 18:1652–1664, 2013.
[9] R. Hirota. Discrete Analogue of a Generalised Toda Equation. Journal of Physical Society of
Japan, 50:3785–3791, 1981.
